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Abstract

A new, widely applicable model for local interfacial debonding in composite materials is presented. Unlike its direct

predecessors, the new model allows debonding to progress via unloading of interfacial stresses even as global loading of

the composite continues. The primary advantages of this new model are its accuracy, simplicity, and efficiency. In order

to apply the new debonding model to simulate the behavior of composite materials, it was implemented within the

generalized method of cells (GMC) micromechanics model for general periodic multi-phased materials. The time- and

history-dependent (viscoplastic) transverse tensile and creep behavior of SiC/Ti composites, which are known to be sub-

ject to internal fiber–matrix debonding, was then simulated. Results indicate that GMC’s ability to simulate the

transverse behavior of titanium matrix composites has been significantly improved by the new debonding model. Further,

the present study has highlighted the need for a more accurate time, temperature, and rate dependent constitutive

representation of the titanium matrix behavior in order to enable predictions of the composite transverse response,

without resorting to recalibration of the debonding model parameters. � 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Accurate design and life prediction tools for advanced multi-phased materials are needed to facilitate the
implementation of these developing materials. Although closure has not been reached regarding the best
models for use in the design and life prediction tools, it has become clear that if a model is ever to serve a
purpose beyond that of basic research, it must fulfill several primary requirements. These include a high
level of accuracy on the macro and microscales, computational efficiency, and compatibility with the fi-
nite element method. Fulfillment of these requirements allows a model to serve materials scientists who
design composite materials by enabling quick and easy variation of composite parameters for material
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development optimization purposes. Likewise, those who design structures with these materials are well
served if the model is consistent with the finite element method. Though it is not perfect, the generalized
method of cells (GMC), developed by Aboudi (1991, 1995), is an excellent choice for implementation into
modeling tools for advanced composites, given the requirements described above.

GMC is an analytical micromechanics model for multi-phased materials with arbitrary periodic mi-
crostructures. It provides closed-form constitutive equations for such materials and allows easy incorpo-
ration of physically based viscoplastic deformation models, as well as arbitrary failure and damage models
for each phase. Further, recent independent advances have simplified the utilization of GMC as an ele-
mental constitutive model from within commercial nonlinear finite element analyses (Wilt et al., 1997;
Arnold et al., 1999), and significantly increased the model’s computational efficiency (Pindera and
Bednarcyk, 1999).

In addition, GMC has been implemented within a comprehensive micromechanics analysis code, MAC/
GMC by NASA Glenn Research Center (Arnold et al., 1999). The code has many features that render it
useful for design, deformation modeling, and life prediction for a wide range of materials, and it is available
(www.grc.nasa.gov/WWW/LPB/mac) to the general public within the United States (as it is export con-
trolled). The present investigation extends the capabilities of MAC/GMC by incorporating a new physically
based micro-level debonding model that allows local unloading to occur in the composite. The code, with
this new debonding model, was employed to examine the longitudinal tensile deformation and failure
behavior of SiC/Ti composites by Bednarcyk and Arnold (2000, 2001). Herein the new debonding model, as
implemented in MAC/GMC, is applied to examine the transverse tensile deformation and creep behavior
of SiC/Ti. The new debonding model is compared with several previous models that have been used to
simulate interfacial debonding in titanium matrix composites (TMCs). Via comparison with experiment, it
is shown that the new model, working in the context of the recently developed computationally efficient
version of GMC, allows more accurate modeling of the composite behavior compared to previous methods.

2. The transverse response of SiC/Ti composites

In recent years, the pursuit of advanced aerospace systems has fueled research on TMCs. These mate-
rials, in particular continuously reinforced SiC/Ti, have demonstrated potential for high temperature
propulsion and airframe application because of their excellent properties at elevated temperature in the fiber
direction. Unfortunately, the transverse behavior of TMCs has proven to be the composite’s Achilles’ heel.
Weak bonding at the fiber–matrix interface renders the composite inferior to monolithic titanium and
superalloys in the transverse direction. Amelioration of SiC/Ti transverse properties through lamination of
plies with different fiber orientations has proven largely ineffective because the transverse behavior of each
ply is so poor. Thus realization of the potential demonstrated by TMCs will likely depend on future de-
velopment of manufacturing processes that can reduce the effects of the weak bonding in the composite; one
example being the hybridization of strong and weakly bonded fibers (Arnold et al., 1996a). In the mean-
time, modeling efforts, such as the present investigation, can help provide a better understanding of the
interface and how the weak bonding affects the overall behavior of TMCs. Further, since the weak bonding
in SiC/Ti is so pronounced and so well established, SiC/Ti can serve as a model system for development of
interface modeling technology. This technology will then be employed for present and future composite
systems that exhibit weak bonding, but are not rendered so ineffective by the weak bonding as TMCs have
been thus far.

Fig. 1 shows the typical 650 �C tensile response of the SCS-6 fiber, the TIMETAL 21S 1 matrix, and
SCS-6/TIMETAL 21S composites in the longitudinal and transverse directions. Evident in the composite

1 TIMETAL 21S is a registered trademark of TIMET, Titanium Metals Corporation, Toronto, OH.
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transverse response is the characteristic three-stage stress–strain behavior identified by Majumdar and
Newaz (1992). Stage I is characterized by the linear elastic behavior of both phases while the fiber–matrix
interfaces remain bonded. Stage II begins at the knee in the stress–strain curve, which is caused by inter-
facial debonding. During stage II the interfaces in the composite are debonding and opening while in the
matrix, inelastic deformation begins. In stage III, the interfaces continue to open and the matrix undergoes
significant inelastic deformation. While the results shown in Fig. 1 are for the SCS-6/TIMETAL 21S system
at 650 �C, the qualitative nature of the transverse response is typical of TMCs in general over a wide range
of temperatures (see Nimmer et al., 1991; Lerch and Saltsman, 1993; Brindley and Draper, 1993; Cervay,
1994; Bowman, 1999).

Early work by Karlak et al. (1974) predates the development of SiC/Ti composites, but these authors
performed relevant finite element analyses of the transverse tensile behavior of boron/aluminum composites
with both perfect bonding and no interfacial adhesion. Although residual stresses from fabrication were not
included in the investigation of Karlak et al. (1974), the results clearly showed that weak interfacial bonding
in MMCs can result in poor transverse properties compared to the well bonded case, and even compared to
the pure matrix response. Further, Karlak et al. (1974) showed that under transverse tension interfacial
debonding should progress to an angle of approximately 75� from the applied stress direction, at which
point the stress component normal to the interface becomes compressive (thus disallowing further de-
bonding).

A banner finite element study of SCS-6/Ti-6-4 by Nimmer et al. (1991) shed further light on weakly
bonded MMC interfaces. In this investigation, residual stresses from fabrication that led to a state of re-
sidual compression at the fiber–matrix interface were included. Upon application of transverse tensile
loading, the interfacial stress was required to overcome this residual interfacial clamping before separation
(debonding) of the interface could occur. The point at which this simulated debonding occurred gave rise to
the characteristic knee in the transverse SiC/Ti response that constitutes the transition between deformation
stages I and II (see Fig. 1). It was thus concluded that the knee is due, in a large part, to the presence of the
compressive interfacial residual stress that must be overcome for debonding to occur.

Two important characteristics of the work of Nimmer et al. (1991) are its use of a time-independent
inelasticity model for the Ti-6-4 matrix and its lack of bond strength for the interface. The transverse tensile
simulations presented in the paper consistently underpredicted the knee associated with interfacial de-
bonding evident in experimental results (by up to 15%). This suggests that the fiber–matrix interface has

Fig. 1. Typical 650 �C tensile response of SCS-6/TIMETAL 21S composites and the constituents (data courtesy of C.L. Bowman).
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some strength, as the presence of this strength in the analysis would have raised the knee to better agree
with experiment. Further, Nimmer et al. (1991) indicated that the time-independent inelasticity model
probably led to an overprediction of the compressive residual stress magnitude (by approximately 16%)
because it did not allow the residual stress arising in the matrix to relax at elevated temperature. Inclusion
of matrix relaxation in the simulations would have tended to lower the compressive residual stress mag-
nitude and thus lower the simulated knee further. This lends additional credence to the theory that the SiC/
Ti interface exhibits some degree of chemical bonding in addition to the residual mechanical clamping
indicated by the Nimmer et al. (1991) investigation. The work of Hu (1996) and Warrier et al. (1999) also
points to the existence of a chemical interfacial bond at the SiC/Ti interface.

A final point elucidated by Nimmer et al. (1991) is the importance of constituent material modeling and
characterization, so as to simulate accurately the SiC/Ti transverse response. The authors discussed the
significant variation (up to 20%) in coefficient of thermal expansion (CTE) data reported for Ti-6-4 in
material property guides and showed that such variations have a significant effect on the predicted residual
clamping at the fiber–matrix interface. The authors also discussed the importance of matrix relaxation,
which their matrix constitutive model did not admit, leading to additional variations in the residual stress
field. Similarly, the residual stress field was shown to be a major determinant of the location of the deb-
onding knee, which is the single most important characteristic of the TMC transverse response. The weight
of this evidence (as well as the results presented herein and in Goldberg and Arnold (2000)) points to two
conclusions: (1) accurate constituent characterization is critical to the simulation of transverse TMC be-
havior, and (2) a chemical bond is present in TMCs and must be incorporated in the composite’s analysis.
For modeling composites in which local fields only influence the global response in an average way (i.e.,
longitudinal deformation, well-bonded composites), this characterization is far less critical. However, when
significant features of the composite’s global response are driven by the local fields (such as the interfacial
stress), high fidelity constitutive models and constitutive model parameters are required in order to have
any chance at simulating the global response accurately.

A good deal of work has been performed on simulating the transverse response of TMCs using analytical
models, in particular, Aboudi’s (1991) method of cells and its generalization (GMC) (1995). An in-depth
discussion of several of the approaches employed in these studies is given in the next section.

3. Interfacial debonding models

The interfacial debonding models reviewed and compared in this section have all been incorporated into
Aboudi’s method of cells or GMC. GMC itself is discussed in Section 4. The method is ideal for modeling
composites with weak bonding because it provides the local stresses and strains necessary to implement a
local debonding model at the fiber–matrix interface. Further, GMC’s computational efficiency, as well as its
ability to admit arbitrary time-dependent constitutive models for the phases, adds to the model’s attrac-
tiveness for this endeavor. The final part of this section presents the new and unique interfacial debonding
model developed and implemented as part of this investigation.

3.1. Flexible interface model

Aboudi (1987) incorporated the flexible interface (FI) model of Jones and Whittier (1967) into the
method of cells. This model permits a discontinuity in the normal or tangential displacement component at
an interface, I, that is proportional to the appropriate stress component at the interface. The normal and
tangential displacement discontinuities can be expressed as,

un½ �I ¼ RnrnjI ; ut½ �I ¼ RtrtjI ; ð1Þ
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where Rn and Rt are empirical debonding parameters that represent the effective compliance of the interface.
The interfacial constitutive behavior represented by the FI model is plotted in Fig. 2. The interface is
modeled as flexible for all time. By selecting a large value for the interface debonding parameter, R, a
completely debonded condition is simulated. The obvious limitations of the FI model are: (1) its lack of a
finite interfacial bond strength, and (2) the inability to vary the degree to which the interface can debond
as deformation progresses.

3.2. Constant compliant interface model

The FI model concept was employed by Achenbach and Zhu (1989) with an added condition that re-
quires the interfacial compliance to be zero (thus simulating perfect bonding) when the interface is in
compression. This modification was further expanded by Wilt and Arnold (1996) who included a finite
interfacial strength for the interface, incorporated the model into a rate-based formulation of GMC, and
employed the following interfacial equations:

½ _uun�I ¼ Rn _rrnjI ; rnjI P rDBjI ;
½ _uut�I ¼ Rt _rrtjI ; rtjI P rDBjI ;

ð2Þ

where dots denote time differentiation. Thus, in essence, the interface behaves as perfectly bonded at
stresses lower than rDB and flexible at stresses greater than rDB. This model will be referred to as the
constant compliant interface (CCI) model. Inclusion of a finite interfacial strength is a major improvement
since, as discussed earlier, previous work on SiC/Ti composites points to the existence of a weak chemical
bond at the fiber–matrix interface (Nimmer et al., 1991; Hu, 1996; Warrier et al., 1999). Thus the interfacial
stress must not only exceed any mechanical clamping due to compressive residual stress, but also rise into
the tensile regime to overcome the chemical bond. However, like the FI model, the CCI model is limited by
the fact that once interfacial debonding occurs, the degree of debonding does not increase (i.e., the pa-
rameter R is constant). The CCI model has also added an additional empirical parameter, rDB, compared to
the FI model, thus increasing the complexity of the model characterization.

The interfacial constitutive behavior for the CCI model is shown in Fig. 2. As with the FI model, a large
value of the debonding parameter can be chosen to simulate a completely debonded interface after failure.

Fig. 2. Interfacial constitutive behavior represented by the FI and CCI models.
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The CCI model, as implemented in GMC, was employed by Goldberg and Arnold (2000) to model the
transverse tensile response of SCS-6/TIMETAL 21S. Through comparison with experiment, it was shown
that the CCI model allowed improved prediction of the transverse tensile response of SiC/Ti, especially with
respect to capturing the knee associated with interfacial debonding. The study also indicated that in the
SCS-6/TIMETAL 21S system, a finite chemical bond does exist between the fiber and matrix.

3.3. Needleman interface model

The interface constitutive equations developed by Needleman (1987) were incorporated into the method
of cells by McGee and Herakovich (1992). Note that (unfortunately) the study by McGee and Herakovich
(1992) was not published in a widely available source. Like the CCI model, to characterize the interfacial
normal response, the NI model requires two empirical parameters. The effective interfacial constitutive
behavior represented by the Needleman interface (NI) model is shown in Fig. 3. Clearly, this interfacial
representation is distinct from the FI and CCI representations shown in Fig. 2. Unlike these previously
discussed interface models, the NI model allows the degree of debonding to progress via unloading of the
interfacial stress. That is, the interfacial stress first rises and then falls as the global loading and the in-
terfacial displacement continue to increase. This is a major improvement over the previous approaches, as
physics demands that a failed interface must locally unload the stress it was supporting as the interface
opens. The NI model does not, however, include a finite interfacial bond strength. As Fig. 3 shows, the
interfacial response is flexible at all points in the tensile regime. This lack of finite bond strength seems to be
somewhat inaccurate from a physical standpoint, yet results indicated that the NI model, as implemented in
the method of cells, allows improved simulation of the transverse tensile response of SCS-6/Ti-6-4 com-
posites (McGee and Herakovich, 1992). However, some difficulties arise in employing the NI model as
unrealistic ‘‘humps’’ in the simulated composite transverse tensile response tend to occur (see also Section
6.1). This problem was also encountered by Eggleston (1993), who applied the NI model to the transverse
tensile response of SiC/Ti-6-4 via incorporation into a finite element model.

It should be noted that, due to the complexity associated with the NI model, incorporation of the model
into the method of cells required the introduction of additional nonlinear equations for each interface.
Thus, the physically motivated shape of the NI model constitutive behavior (see Fig. 3) comes at a sig-
nificant computational cost. In addition, due to the nonlinearity introduced by the NI model into the

Fig. 3. Interfacial constitutive behavior represented by the NI, SIF, and ECI models.
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method of cells, closed-form constitutive equations for the weakly bonded composite are not available.
Thus, unlike the FI and CCI model method of cells implementations, effective composite properties are not
available when using the NI model.

3.4. Statistical interfacial failure model

Robertson and Mall (1994) developed a statistical interfacial failure (SIF) model and incorporated a
linear approximation of the interface representation into a modified version of the method of cells. The SIF
model assumes a Gaussian distribution of interfacial stresses and specifies a single deterministic interfacial
failure strength. The portion of the interfacial stress distribution lying above this failure strength represents
the failed interfaces at a particular load level. The average interfacial constitutive behavior represented
by the SIF model is shown in Fig. 3. The similarities between this representation and the NI model
are obvious. Since below approximately 80 MPa the SIF model interface exhibits almost no displacement,
this stress value may be thought of as an effective debond stress for the average interface. This charac-
teristic is similar to the CCI model, which incorporates an explicit interfacial strength (see Fig. 2). Further,
like the NI model, the SIF model allows the degree of debonding to progress via unloading of the interfacial
stress.

Also shown in Fig. 3 is the linear approximation used by Robertson and Mall (1994) to incorporate the
SIF model into the modified method of cells. Recall that the NI model exacted a computational cost due to
the complex nature of the interfacial equations. Robertson and Mall (1994) evade a similar cost associated
with the SIF model by employing this linear approximation of their physically and statistically motivated
interfacial response. Clearly the approximation does a reasonable job of capturing the important unloading
behavior of the interfacial stress. However, the approximation does not capture the early SIF model
interfacial behavior. Nevertheless, results presented by Robertson and Mall (1994) indicate that the ap-
proximation of the SIF model, in conjunction with the modified method of cells, allows improved simu-
lation of the transverse tensile response of SCS-6/Ti-15-3 composites compared to simulations performed
with complete and immediate interfacial debonding. Note that, like the CCI and NI models, the SIF model
requires two empirical parameters to characterize the interfacial normal behavior.

3.5. Evolving compliant interface model

For the present investigation, a new interfacial debonding model was developed that attempts to
combine desirable characteristics of the previous approaches discussed. The new evolving compliant in-
terface (ECI) model was implemented within GMC for modeling the transverse tensile response of com-
posite materials. The ECI model is similar to the FI and CCI models in that it is based on the Jones and
Whittier (1967) concept of incorporating a flexible interface via interfacial displacement discontinuities.
Further, like the NI and SIF models, the ECI model allows progression of the debonding via unloading of
the interfacial stress. However, the ECI model is unique in that it does not employ a simplified linear
approximation of the interfacial constitutive behavior like the SIF model, nor does it introduce additional
equations like the NI model. The ECI model thus combines the simplicity and efficiency of the FI and CCI
models with the physical accuracy of the NI and SIF models.

The ECI model was implemented into a rate-based formulation of GMC. Thus, like the CCI model, a
rate form of the interfacial displacement discontinuity equations is employed. The ECI model, however,
allows the debonding parameters to evolve with time. Thus the equations become,

½ _uun�I ¼ Rn tð Þ _rrnjI þ _RRn tð ÞrnjI rnjI P rDBjI ;
½ _uut�I ¼ Rt tð Þ _rrtjI þ _RRt tð ÞrtjI rtjI P rDBjI :

ð3Þ
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Note that, like the CCI and SIF models, the ECI model interface is provided with a finite bond strength.
The proposed form of the normal and tangential debonding parameter time-dependence is

R tð Þ ¼ K exp t̂t=B
� �h

� 1
i

t̂tP 0; ð4Þ

where K and B are empirical constants specific to the interface (to be discussed later), and t̂t is the time since
debonding. Thus, the debonding parameter is zero (simulating perfect bonding) until the interfacial stress
exceeds the interfacial debond stress. At this point, the debonding parameter begins to evolve exponentially
with time, eventually becoming large (simulating complete debonding). Recalling that R is, in effect, the
compliance of the interface, it is clear that the exponential form of Eq. (4) is physically motivated. The
compliance starts at zero, and begins to evolve slowly as the interface fails. As time progresses, the degree of
debonding increases, and eventually the compliance becomes infinite, simulating an opened interface.

Unlike the interface models discussed previously, the ECI model does not provide the explicit constit-
utive behavior of the interface. That is, one cannot create a plot of the interfacial displacement vs. the
interfacial stress simply by using Eq. (4); the interfacial response is coupled with the micromechanics so-
lution. This is because the evolution of the debonding parameter, R, affects the global composite response
and thus the evolution of all fields in the composite, including the interfacial stress. This coupling is re-
sponsible for the simple and efficient, yet accurate nature of the model. In order to produce a plot of the
ECI model interfacial constitutive behavior, it is necessary to employ the model in conjunction with a
micromechanics model (GMC in this case) for a particular composite configuration. Fig. 3 shows such a
plot for the interface in a 25% SCS-6/TIMETAL 21S composite at 23 �C represented by a 2	 2 subcell
repeating unit cell (see Section 6 for details) subjected to uniform transverse tension at a strain rate of
4:17	 10�4 s�1. The following debonding parameters were employed: rDB ¼ 80 MPa, B ¼ 4 s, K ¼
5:51	 10�3 GPa�1. Clearly, from a qualitative standpoint, the ECI model agrees well with the physically/
statistically motivated NI and SIF models. The ECI model naturally captures the early post-failure
behavior embodied by the SIF model, while the later interfacial behavior resembles that of the NI model.
The choice of the exponential form for the debonding parameter, R, is thus substantiated by its similarity
to two previous explicit interface models developed based on the physics and statistics of interfacial
failure.

Despite the similarities between the ECI model and other physically/statistically motivated inter-
face models, it may seem more natural to allow the debonding parameter to be a function of a local
variable, such as stress at the interface, rather than time (see Eq. (4)). However, this actually disallows
local stress unloading because the debonding parameter and the local stress both tend to reach a steady-
state value. In this condition, the interfacial compliance, R, reaches a value that is sufficiently high to
prevent accumulation of additional local stress, which then prevents the debonding parameter from
growing larger. Once the debonding parameter stops growing larger, it is a constant and local unloading
cannot occur.

The exponential form for the debonding parameters (Eq. (4)) was originally chosen because it allows the
local stress to unload smoothly, and the parameters K and B can be chosen to provide a realistic global
response. Other functional forms were examined. A linear form, for instance, did not allow the debonding
parameters to evolve sufficiently quickly so as to allow the local stress to unload unless the slope of the
linear function was quite high. However, this high slope then caused difficulties due to the rapid initial
growth of the debonding parameters. Of the many functional forms that were examined for R(t), the ex-
ponential form provided the best combination of features while providing good qualitative agreement with
previous interface models. For additional information on the functional form of Eq. (4), see Bednarcyk and
Arnold (2000, 2001). Clearly, compared to the CCI, NI, and SIF models, the number of empirical pa-
rameters needed to characterize the ECI model has increased from two to three (i.e., rDB, K, and B).
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4. The generalized method of cells

As mentioned previously, in order to simulate composites that are subjected to interfacial debonding (as
opposed to simulating just the behavior of the interface), a debonding model must be implemented within
a model for the composite material. Towards this end, the ECI model was incorporated into Aboudi’s
(1991, 1995) GMC micromechanics model. The geometry of the doubly periodic version of GMC is shown
in Fig. 4, wherein the microstructure of a periodic material is represented by a rectangular repeating unit
cell consisting of an arbitrary number of rectangular subcells, each of which may be a distinct material. The
method assumes a linear displacement field in each subcell and imposes continuity of traction and dis-
placement components between subcells in an average sense (Aboudi, 1995). This procedure results in a
system of linear equations,

~AAes � ~DD eps
�

þ asDT
�
¼ K�ee; ð5Þ

which are solved for the vector of all subcell strains, es, to form strain concentration equations,

es ¼ A�ee þD eps
�

þ asDT
�
: ð6Þ

Here, �ee is the vector of the global (unit cell) strain components, eps is the vector of all subcell inelastic strain
components, as is the vector of all subcell coefficients of thermal expansion (CTEs), and A and D are strain
concentration matrices. From Eq. (6) the effective thermo-elastoplastic constitutive equations for an ar-
bitrary periodic material, that are required to simulate the response to external loading, can easily be
determined (Aboudi, 1995). Clearly, in this original formulation of GMC, the subcell strains, es, serve as the
basic unknown quantities. Further, in solving Eq. (5) for these quantities, a great deal of computational
effort may be required as the matrix ~AA becomes large because the number of subcells in the analyzed unit
cell increases.

The recent reformulation of the GMC equations (Pindera and Bednarcyk, 1999; Bednarcyk and Pindera,
2000) employs subcell stresses (rather than strains) as basic unknowns and develops mixed concentration
equations for the heterogeneous material. Due to GMC’s inherent lack of normal-shear field coupling,

Fig. 4. Doubly periodic GMC repeating unit cell.
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significantly fewer unique subcell stress components are present compared to subcell strain components (see
Pindera and Bednarcyk (1999) and Bednarcyk and Pindera (2000) for details). Tracking only the unique
subcell stress components gives rise to,

~GGT ¼ fm � f t � fp; ð7Þ

which replaces Eq. (5). Here, T is the vector of all unique subcell stress components and fm, f t, and fp are
vectors containing global total strains, subcell CTEs, and subcell inelastic strains, respectively. Solving
Eq. (7) provides mixed concentration equations,

T ¼ G�ee þ CDT þ U; ð8Þ

where the thermal and inelastic terms are included in C and U, respectively. These are mixed con-
centration equations because they provide local stresses in terms of global strains; G is the mixed
concentration matrix. Clearly, since there are far fewer unique subcell stress components than strain
components, a significant improvement in efficiency is gained by employing the reformulation of GMC.
Thus, by exploiting GMC’s lack of shear coupling, the reformulation represents an ultra-efficient
multi-axial micromechanics analysis tool. Direct comparison of execution times resulting from the
reformulated and original versions of GMC indicates a striking speed-up associated with the refor-
mulation, particularly as the number of subcells becomes large. For example, for a 12	 12 subcell
repeating unit cell, the reformulated version of GMC has been shown to be more than 19,000 times
faster (Bednarcyk and Arnold, 2000). As demonstrated by Pindera and Bednarcyk (1999), the original
formulation and reformulation of GMC yield identical results, thus the speed-up comes with no loss of
accuracy. Clearly, utilization of the reformulation is crucial to the realization of reasonable execution
times for application of GMC to detailed composite microstructures and as an elemental material
model within the finite element analysis of structures. In fact, most of the results generated for this
study could not have been generated (due to exorbitant execution times) prior to the reformulation of
GMC.

5. Constituent materials and constitutive models

For this study, the material analyzed is a metal matrix composite composed of continuous silicon carbide
fibers (SCS-6) embedded in a titanium alloy matrix, TIMETAL 21S. Textron’s high-strength, high-stiffness,
continuous SiC fibers are assumed in this study to be isotropic and linear elastic. The vendor-supplied
temperature-dependent thermoelastic properties employed for the SCS-6 fiber are given by Bednarcyk and
Arnold (2000).

TIMETAL 21S is a metastable beta strip titanium alloy, containing approximately 21% alloying addi-
tions, that has high strength as well as good creep and oxidation resistance. Consequently, TIMETAL 21S
has been utilized in advanced metal matrix composites. Its (isotropic) viscoplastic response has been
characterized for the Bodner-Partom (BP) model (Chan et al., 1988; Chan and Lindholm, 1990) by Neu
(1993) and Kroupa (1993), as well as for a generalized viscoplasticity with potential structure (GVIPS)
model (Arnold and Saleeb, 1994) by Arnold et al. (1996b,c). Both the BP and the GVIPS models have been
employed in the current study.

The reader is referred to Arnold et al. (1996b,c) for the development of the GVIPS equations, as well as
material parameters and the associated parameter interpolation functions (employed to determine the
material parameters for TIMETAL 21S at temperatures other than the reference temperature of 650 �C).
Similar information for the BP model is available in Neu (1993) and Kroupa (1993).
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6. ECI model application

6.1. General features

In order to gain further insight into the character of the ECI model, consider the GMC repeating unit
cell shown in Fig. 5. This is the simplest doubly periodic unit cell that may be used to represent a unidi-
rectional continuously reinforced composite. It consists of one fiber subcell surrounded by three matrix
subcells, and it is infinitely long in the out-of-plane direction. Note that the unit cell repeats infinitely in the
two in-plane directions. A simple application of the new debonding model involves placing an interface
between the fiber and matrix as shown in Fig. 5 and applying simulated transverse tension. The results for
this example are displayed in Fig. 6, where a 20% SCS-6/TIMETAL 21S composite (at 650 �C) has been
modeled. The predicted global (composite) stress and the local interfacial stress (in the loading direction)
are plotted versus the applied global strain (not the interfacial displacement) for different values of the
debonding parameter K (see Eq. (4)). The value of B was fixed at 10 s, although a similar plot could be
generated by fixing the value of K and varying the value of B. A rDB value of 103 MPa was employed. Note
that residual stresses have not been included for this simple example.

Clearly the interfacial behavior (which is determined by the choice of K, B, and rDB) has a major impact
on the predicted composite transverse tensile behavior. If the interface is permitted to unload too quickly
(high K value or low B value), the predicted global stress–strain curve will exhibit an unrealistic ‘‘dip’’ upon
debonding. Conversely, if the interface is permitted to unload too slowly (low K value or high B value), the
global stress–strain curve will exhibit an unrealistic ‘‘hump’’ while unloading is occurring. A similar un-
realistic ‘‘hump’’ is typical to simulations performed using the NI model (McGee and Herakovich, 1992;
Eggleston, 1993). Note that all three predicted global (composite) stress–strain curves in Fig. 6 converge
once the interfacial stress becomes small, a direct result of the lack of shear coupling inherent to GMC.
GMC’s lack of shear coupling causes constancy of certain stress components in certain directions. Recall,
however, that it is precisely this characteristic that permits the reformulation of the GMC equations for
increased computational efficiency. Referring to Fig. 5, the normal stress component in each direction is
constant in rows of subcells in the appropriate direction. That is,

r 1ð Þ
33 ¼ r 2ð Þ

33 ;

r 3ð Þ
33 ¼ r 4ð Þ

33 ;

r 1ð Þ
22 ¼ r 3ð Þ

22 ;

r 2ð Þ
22 ¼ r 4ð Þ

22 ;

ð9Þ

Fig. 5. Simple 2	 2 composite unit cell for simulating transverse debonding at an interface. Subcell 1 represents the fiber while subcells

2–4 represent the matrix.
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where the superscripts correspond to the subcell numbers shown in Fig. 5. Thus, when the interface shown
in Fig. 5 debonds and the ‘‘interfacial’’ stress (in the x3-direction) unloads, r33 in the entire row of subcells
(subcells #1 and #2) unloads. Then, when this stress component becomes sufficiently small, the repeating
unit cell is left with only subcells #3 and #4 to carry the applied loading. Hence, once the ‘‘interfacial’’
stress unloads completely, the predicted composite response will be identical for different simulations re-
gardless of the values of K and B. Further, the curve to which the simulations converge is dictated by the
fraction of the composite cross-section that remains intact to carry the applied loading (i.e., the x2 di-
mension of subcells #3 and #4). For a given fiber shape in the GMC repeating unit cell, this remaining
intact area can be related to the fiber volume fraction of the simulated composite.

It is interesting to note that, due to the aforementioned ‘‘dip’’ and ‘‘hump’’ exhibited by two of the global
(composite) stress–strain curves shown in Fig. 6, it is possible to determine a range of realistic values for K
and B for a given material system, repeating unit cell, and set of loading conditions with no knowledge of the
actual composite response. That is, a reasonable set of parameters for the debonding model can be chosen
simply based on physicality (i.e., no ‘‘dips’’ or ‘‘humps’’ in the predicted response). As will be shown,
however, characterization of the model using certain experimental data will render the simulations much
more realistic than those that can be obtained simply by requiring the predictions to appear realistic from a
qualitative standpoint.

6.2. Effect of debonding event cross-section

The fact that the appropriate stress component in an entire row of subcells unloads upon interfacial
failure also gives rise to a debonding event cross-section influence on the composite response. Consider the
repeating unit cell shown in Fig. 7. It has the same fiber volume fraction as the unit cell shown in Fig. 5,
however, the effective fiber cross-section (in the loading direction) is vastly different. Transverse tensile
predictions for the 20% SCS-6/TIMETAL 21S composite (at 650 �C) examined previously are shown in
Fig. 8, where the two unit cells shown Figs. 5 and 7 have been used. The fiber shape (square or rectangular)
has a minor effect on the predicted global response for perfect bonding. However, when the ECI model is
employed, the difference caused by the difference in fiber shape is extreme. Since a much larger cross-section
of the repeating unit cell is associated with the debonding event in the case of the rectangular fiber, the event

Fig. 6. Effect of K on the predicted local and global transverse tensile behavior of a 20% SCS-6/TIMETAL 21S composite at 650 �C
(_�ee�ee ¼ 1:11	 10�4 s�1).
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has a more drastic effect on the composite response immediately after debonding. As stated previously, this
effect is an artifact of GMC’s lack of shear coupling. Clearly, the qualitative character of the stage II global
composite behavior should not change so drastically as that shown in Fig. 8 simply as a result of changing
the fiber shape. Thus, in employing the ECI model across composite configurations with different failure
event cross-sections (e.g., different interface sizes), the ECI model parameters, K and B, should be altered to
minimize the effects of this artifact. It should be noted that for fibers with identical shapes and subcell grid
discretizations, as the fiber volume fraction increases, so does the percentage of the unit cell cross-section
associated with each failure event. It is thus possible to adjust the debonding parameters for different fiber
volume fractions to minimize the effects of the aforementioned artifact.

A second effect of changing the fiber shape is also evident in Fig. 8; the final stage III stress that is
reached (at an applied strain of 1.0%) by the composite with the rectangular fiber is significantly lower than
that reached by the square fiber. As mentioned previously, this effect is due to differences in the size of the
remaining intact region of the composite after debonding. In the case of the rectangular fiber, a much

Fig. 7. Another simple repeating unit cell for transverse debonding. Subcell 1 represents the fiber while subcells 2–4 represent the

matrix.

Fig. 8. Effect of debonding event cross-section on the predicted transverse tensile behavior of a 20% SCS-6/TIMETAL 21S composite

at 650 �C (_�ee�ee ¼ 1:11	 10�4 s�1).
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smaller matrix ligament remains intact after the interface has debonded and unloaded. The composite can
then support much less stress for a given global strain level. Unlike the stage II effect of the failure event
cross-section, the stage III effect is not an artifact. Clearly, if a greater percentage of the composite debonds,
the stress that the composite can support at a given global strain level should be reduced. Thus it is not
necessary to compensate for this effect. However, this effect can be used as an aid when calibrating the ECI
model and the extent of permitted debonding for a particular simulation.

Suppose (for example) that we wish to employ the ECI model in conjunction with a GMC repeating unit
cell like that shown in Fig. 5 to simulate the transverse tensile response of a particular SCS-6/TIMETAL
21S composite for which experimental data is available. Previous work has shown that the entire fiber cross-
section (as indicated in Fig. 5) does not debond during transverse tension. Rather, debonding progresses to
a certain point (at which the radial interfacial stress becomes compressive) and then, as final composite
failure initiates, a crack propagates through the matrix to adjacent fibers (Karlak et al., 1974; Nimmer
et al., 1991; Hu, 1996). One might model the partial debonding phenomenon as shown in Fig. 9, where only
part of the fiber–matrix interface is modeled as weak, and the remaining portion of the interface (over a
length d) is treated as strongly bonded. The ratio of the intact bond length d to the fiber dimension d can
then be selected such that the stress reaches a desired level at 1% strain (for instance). Fig. 10 shows an
example of transverse tensile simulations in which the desired stress at 1% strain was 200 MPa. Allowing
the entire interface to debond resulted in a stress at 1% strain of 172 MPa. By adjusting the ratio of d/d to
16%, the desired composite stress of 200 MPa at 1% global strain was achieved. Note that a bond strength
of zero was used in the above example. The bond strength value does not matter as long as the interfacial
stress completely unloads by the time the desired strain level, 1% in the example, is reached. Once the
desired stress level is achieved as described in the example, the remaining ECI model parameters, rDB, K,
and B, may be chosen to provide good correlation with the experimental response.

6.3. Effect of strain rate

Another influence that is felt by the ECI model is that of global loading rate. Since the evolution rates of
Rn and Rt are explicit functions of time (see Eq. (4)), the time-dependent behavior of a particular interface
will be identical regardless of the global loading rate. That is, for example, if the simple repeating unit cell
shown in Fig. 5 is subjected to simulated transverse strain at a high strain rate and a low strain rate using
identical values for K and B, the interface will respond over the same amount of time in both cases. Since
the global strain rates are different, the global strain at a particular point in time will be different between
the two cases, and the predicted global stress–strain response of the composite will be vastly different. This

Fig. 9. GMC repeating unit cell for simulating incomplete fiber–matrix debonding.
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is illustrated in Fig. 11, which shows the predicted response for the same 20% SCS-6/TIMETAL 21S
composite (at 650 �C) examined previously for three different applied strain rates. It is clear that the un-
loading behavior of the interface appears different among the three cases. For the high applied global strain
rate, the interface does not have sufficient time to unload, while for the low applied global strain rate, the
interface unloads completely at a relatively low applied global strain. The interfacial behavior has a major
impact on the predicted global composite behavior as well. From Fig. 11 it is clear that the applied strain
rate effect is an artifact of the explicit time dependence of the interfacial compliance in the ECI model. The
overall character of the stage II composite response should not change drastically based on strain rate.
Fortunately, the ECI model can easily be corrected for this artifact via alteration of the parameter B,

Fig. 10. Simulated transverse tensile response of 20% SCS-6/TIMETAL 21S at 650 �C with zero interfacial bond strength over a

portion of the fiber–matrix interface used to select a desired stress at 1% strain (_�ee�ee ¼ 1:11	 10�4 s�1).

Fig. 11. Effect of applied global strain rate (S.R.) on the predicted transverse tensile behavior of a 20% SCS-6/TIMETAL 21S com-

posite at 650 �C.
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according to the equation,

B ¼ Bref

_�ee�eeref
_�ee�ee

 !
: ð10Þ

As discussed by Bednarcyk and Arnold (2000, 2001), since the parameter B scales the time dependence in
the ECI model (see Eq. (4)), it is possible to determine empirically a Bref value based on correlation with
experiment at a particular global strain rate, _�ee�eeref , and simply scale the parameter B, via Eq. (10). It should be
noted that the applied global strain rate also affects the predicted composite behavior independently from
the interfacial behavior through the strain rate dependence of the matrix viscoplastic constitutive model.
This explains the nonconvergence of the composite curves for the lower two strain rates despite the fact that
the interfaces completely unloads its stress in these cases. Obviously, this influence of strain rate is not an
artifact and should not be compensated for.

6.4. Effect of debonding model

Fig. 12 compares model predictions for the same 20% SCS-6/TIMETAL 21S composite (at 650 �C)
examined previously, where three different interfacial bonding conditions have been simulated: perfect
bonding, debonding via the CCI model (see Section 3.2), and debonding via the ECI model. By employing
the CCI model rather than perfect bonding, a significant decrease in the overall predicted composite
stiffness results. As described in Section 3.2, the interfacial stress becomes constant in the case of the CCI
model once debonding has occurred. By employing the ECI model, which allows the interface to unload, a
further reduction in the overall predicted composite stiffness is realized, which, as will be shown, allows
improved accuracy when simulating the composite response.

6.5. Effect of matrix constitutive model

One final effect that has a significant impact on the global manifestations of the debonding model is the
matrix inelastic constitutive model. The predictions shown thus far have all employed the GVIPS visco-

Fig. 12. Comparison of the predicted local and global transverse response of a 20% SCS-6/TIMETAL 21S composite at 650 �C using

different interfacial debonding models (_�ee�ee ¼ 1:11	 10�4 s�1).
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plastic constitutive model for the TIMETAL 21S matrix (Arnold et al., 1996b,c). An alternative BP vi-
scoplastic constitutive model is available for TIMETAL 21S (Neu, 1993; Kroupa, 1993). As will be shown,
if this particular BP model is employed for the matrix, the transverse tensile predictions for the composite
can be quite different. The elevated temperature tensile constitutive behavior of TIMETAL 21S, as sim-
ulated using the GVIPS model and this BP constitutive model, is compared with experimental data in
Fig. 13. Both models tend to overpredict the matrix response at this temperature and strain rate. Early on,
GVIPS exhibits better agreement with experiment, while at the higher strains, BP provides the more re-
alistic prediction. For the case plotted, GVIPS overpredicts the experimental stress at 1.9% strain by 16.7%.

Fig. 14 compares experimental creep data for TIMETAL 21S with model predictions for both GVIPS
and BP at 650 �C with different applied stress levels. While GVIPS tends to underpredict the magnitude of
the creep strain, especially as the time becomes large, it is significantly more realistic than the BP model

Fig. 13. Comparison of matrix constitutive models for the tensile response of TIMETAL 21S at 650 �C for _�ee�ee ¼ 1	 10�4 s�1.

Fig. 14. Predicted and experimental creep behavior of TIMETAL 21S at 650 �C.
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employed herein in that a primary creep regime exists with the GVIPS model. Alternatively, the BP model
predicts immediate steady-state creep; it significantly underpredicts the creep at low applied stress levels and
drastically overpredicts the creep at higher applied stress levels. As will be shown, these characteristics of
the simulated matrix response brought about by the choice of constitutive model carry over to the trans-
verse response of the composite. It is also important to keep in mind that, as discussed by Nimmer et al.
(1991), the time-dependent constitutive model response affects the residual interfacial clamping stress in
simulations of the composite response. This, in turn, can have a major impact on the simulated debonding
in the composite.

7. Results and discussion

7.1. Transverse tension

The actual model simulations for transverse tension employ a more complex (and realistic) geometric
representation for the composite than the one presented previously (see Fig. 5). A photomicrograph of an
actual SCS-6/TIMETAL 21S composite cross-section is shown in Fig. 15. The composite has layers of pure
matrix on both the top and bottom, and the packing of the fibers in the region between the pure matrix
layers is rectangular rather than square. Microstructural features such as these generally do not have a
significant impact on the longitudinal behavior of continuous composites, but the effects of these features
on the transverse behavior of composites can be quite pronounced (Arnold et al., 1996; Bowman, 1999;
Goldberg and Arnold, 2000). The representation for the composite is shown in Fig. 16; wherein laminate
theory was employed to model the composite as a laminated plate with three layers. MAC/GMC employs a
multi-scale approach that allows each layer of the laminate to be a monolithic material or a unidirectional
composite whose behavior is modeled with GMC. Thus, the viscoplastic constitutive models and debonding
models available in MAC/GMC may be applied to the composite material contained within a particular
layer of the laminate. The (normalized) thickness of each layer is indicated in Fig. 16. Furthermore, a well-
refined circular representation of the fiber (26	 26 idealization containing 676 subcells) was employed.
Thanks to the recently reformulated version of GMC, the execution of such a large problem was still rapid.
Finally, the measured average aspect ratio (width divided by height of the unit cell, as drawn in Fig. 16,

Fig. 15. Photomicrograph of the cross-section of a 20% SCS-6/TIMETAL 21S composite (courtesy of C.L. Bowman).
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denoted as R) of the core region of the composite was employed (i.e., R ¼ 0:82), as was the proper local fiber
volume fraction (Vf ¼ 0:273) required to yield the measured overall fiber volume fraction of 20%.

Previously, the ECI model was used by Bednarcyk and Arnold (2000, 2001) to simulate the longitudinal
failure behavior of TMCs. In that study, a simulated interface was placed within each continuous fiber,
normal to the fiber direction. Then, debonding of a particular interface was used to simulate failure of the
fiber in which the interface was placed. The bond strength of each interface, which represented the strength
of each fiber, could thus be taken from measured fiber strength histograms. Analogous data is unavailable
for the fiber–matrix interfacial bond strengths in TMCs, thus these strengths, along with the parameters
K and B, must be selected based on correlation with experimental data.

The simulated bond strengths associated with each fiber–matrix interface in the GMC repeating unit
cell (determined using the GVIPS TIMETAL 21S constitutive model) are shown in Fig. 17. Note
that debonding perpendicular to the loading direction was disallowed as it was observed to have no no-
ticeable effect on the transverse tensile behavior. Although only one quarter of the unit cell is pictured
because the bond strengths are the same (in the loading direction) for each quadrant, this does not imply
that only one quarter of the repeating unit cell is analyzed (as is often the case when employing finite
element analysis). In GMC, symmetry conditions are not employed; the entire unit cell is analyzed as,
depicted in Fig. 16.

The experimental stress–strain curve used to characterize the interfacial bond strengths, as well as the
parameters K and B, is shown in Fig. 18. The resulting simulated stress–strain curve with the three char-
acteristic stages of the deformation behavior of the composite identified by Majumdar and Newaz (1992) is
shown as well. Note that residual stresses from fabrication were incorporated in the simulations via a stress-
free cool down from elevated temperature prior to application of the simulated heat-up to 650 �C, which
was followed by the simulated tensile loading. However, because 650 �C is close to the composite processing
temperature, these residual stresses are low (see Fig. 19 for sample interfacial residual stresses). From Fig.
18 it is clear that the model does a reasonably good job of reproducing the experimental response, however
the model tends to overpredict the tensile stress of the composite somewhat (by 17.6% at the point of global
load reversal, 1.9% strain).

Fig. 16. GMC representation of the SCS-6/TIMETAL 21S composite.
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When evaluating the agreement between the simulation and experiment in Fig. 18, the accuracy of the
simulated response of the matrix constituent shown in Fig. 13 should be kept in mind. That is, the stage II
and III discrepancy between simulation and experiment in Fig. 18 is similar to the discrepancy between the
GVIPS constitutive model simulation and experiment in Fig. 13 for the monolithic matrix material. Recall
that for the monolithic Ti matrix, the GVIPS model overpredicted the tensile stress by 16.7% at a strain of
1.9%. The discrepancy thus should not necessarily be attributed to a deficiency in the ECI debonding
model. In fact, it would be inappropriate to attempt to compensate for the inaccuracies caused by the
matrix constitutive model via a recalibration of the debonding model parameters, even though such
compensation could easily be made. It is clear that, as discussed previously, accurate rate and temperature

Fig. 17. Interfacial bond strengths used for simulations with the GVIPS matrix constitutive model in GMC.

Fig. 18. Simulated and experimental transverse tensile response of 20% SCS-6/TIMETAL 21S at 650 �C––debond model parameter

characterization (_�ee�ee ¼ 10�4 s�1).
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dependent material constitutive characterization is critical to obtain the most realistic simulation of the
transverse behavior of TMCs possible.

Revisiting Fig. 17, it is important to observe that the simulated interfacial debond strengths increase as h
increases, that is, as one moves from the lower right (h ¼ 0�) to the upper left (h ¼ 90�). The selection of this
trend was motivated by geometric considerations; that is, the need to blend in a consistent manner Car-
tesian and cylindrical coordinate systems. In particular, the GMC idealization is comprised of a number of
rectangular shaped subcells, for which all fiber–matrix interfaces are normal (or transverse) to the loading
direction. However, the outward normal to the actual fiber–matrix interface, since the interface is curved,
becomes increasingly normal to the loading direction as h increases. Thus the component of the local stress
vector that is actually normal to the interface should decrease as h increases, but this cannot occur in the
GMC unit cell representation. In GMC, the two in-plane normal stress components are always normal or
transverse to the interfaces, and no shear stress is present. To overcome this difficulty, the interfacial de-
bond strength of the simulated interface is increased as h increases from 0� to 90�. This also allows the
portion of the interface that is in reality most normal to the loading to debond first, while the remaining
interfaces ‘‘unzip’’ in succession. The final two interfaces are treated as strong, meaning they are not
permitted to debond. This is motivated mainly by correlation with experiment. Recall that the transverse
response of the composite is greatly influenced by the fraction of the cross-section that debonds (see Figs. 9
and 10). If either of these final two interfaces were permitted to debond and unload, the predicted stress–
strain curve would be unrealistically low compared to the experimental stress–strain curve in Fig. 18. As
discussed earlier, previous work on debonding in MMCs (Karlak et al., 1974; Nimmer et al., 1991; Hu,
1996) has indicated that, in transverse tension, fiber–matrix interfacial debonding progresses only to a
certain angle, at which point the radial stress at the interface becomes compressive. Further debonding or
crack propagation through the matrix to the fibers above and below would then occur immediately prior to
global failure of the composite. As shown in Fig. 17, by disallowing debonding of the final two interfaces,
GMC indicates a 70� debonding zone. The tensile failure behavior of the composite, which may involve
further debonding and matrix cracking, is not addressed in this study.

Based on the correlation shown in Fig. 18, the value of B was given a constant value of 10 s. Similarly,
the value of K was given a value of 5.8 GPa�1 for all interfaces except interface ‘‘C’’ (as labeled in Fig. 17).
Due to the high debond strength of this interface, a smaller value of K (0.725 GPa�1) was required in order
to provide the best correlation with the experimental data. Also, note that the unloading behavior of the
composite has been modeled reasonably well in Fig. 18. Since the predicted interfacial stress has almost
completely unloaded by the time of the load reversal, the interface ‘‘closes’’ almost immediately. That is, as
a feature of the ECI model, as soon as the stress at a debonded interface becomes compressive, the model
treats the interface as perfectly bonded. As Fig. 18 illustrates, this mechanism appears to be reasonably
realistic. If at some point in the future a previously debonded interface experiences tensile stress once again
(i.e., the composite is reloaded in tension), the interface debonds immediately as any prior chemical bond
has been broken and thus the interface can support no tensile stress. Full characterization of the ECI model
for cyclic application is the subject of future work. As indicated by Nimmer et al. (1991), McGee and
Herakovich (1992), and Robertson and Mall (1994), accurate simulation of the transverse cyclic tensile
behavior of TMCs, especially when unloading occurs in stage II of the deformation response, is complex
and worthy of study in its own right.

Fig. 19 shows the simulated global stress–strain response of the composite as well as the local stress (in
the loading direction) versus the applied global strain at the four fiber–matrix subcell interfaces, labeled
A,B,C and D in Fig. 17. The utility of enabling progressive debonding around the fiber–matrix interface via
different interfacial bond strengths is clear as the realistic knee in the global stress–strain response (see also
Fig. 18) is well modeled. Alternatively, if the CCI model (see Section 3.2) is employed (using the same
debond strength distribution, Fig. 17), the simulated local and global response shown in Fig. 20 is obtained.
Clearly, due to the fact that, after debonding, the interfacial debonding cannot progress and the interfacial
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stress cannot unload, the knee of the global stress–strain curve is not well modeled, and the overall pre-
dicted global response is stiffer.

Fig. 21 compares three simulations for the transverse tensile response of 20% SCS-6/TIMETAL 21S at
650 �C made using the ECI and CCI debonding models, as well as a simulation made assuming perfect
interfacial bonding, with experimental tensile data. Fig. 22 shows a detail of Stages I and II of the response.
The figures indicate that as the interfacial behavior modeling is progressively refined, i.e., from perfect bond
to weak bond with no unloading (CCI model) to weak bonding with unloading (ECI model) the simulated
results progressively improve as compared with experiments. Note the exceptional ability of the ECI model
reproduce the experimental data for the characteristic knee evident in Fig. 22 (recall that the ECI model
parameters were characterized based on the experimental data shown).

Fig. 19. Simulated local and global transverse tensile response of 20% SCS-6/TIMETAL 21S at 650 �C. GVIPS matrix constitutive

model and the ECI model were employed (_�ee�ee ¼ 10�4 s�1).

Fig. 20. Predicted local and global transverse tensile response of 20% SCS-6/TIMETAL 21S at 650 �C. GVIPS matrix constitutive

model and the CCI model were employed (_�ee�ee ¼ 10�4 s�1).
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To further illustrate the importance of the matrix constitutive model, results for the transverse tensile
response of 20% SCS-6/TIMETAL 21S at 650 �C were also generated using the BP constitutive model for
the TIMETAL 21S matrix. These results are compared with GVIPS predictions and experimental tensile
data in Fig. 23. As discussed in Section 6.5, the choice of matrix constitutive model has a major impact on
the simulated transverse composite behavior not only through the overt representation of the inelastic
behavior but also through the residual interfacial clamping stress. Consequently, to allow realistic simu-
lations using the BP matrix constitutive model, the debonding model parameters must be altered. The new
distribution of interfacial debond strengths for use with the BP model are given in Fig. 24. It was not
necessary to alter K or B.

As Fig. 23 indicates, the predictions made using GVIPS are in better agreement with experimental results
in Stage II (where the effects of interfacial debonding dominate the composite response), whereas the

Fig. 21. Predicted and experimental response of 20% SCS-6/TIMETAL 21S at 650 �C. The effect of debonding model is highlighted.

The GVIPS matrix constitutive model was employed (_�ee�ee ¼ 10�4 s�1).

Fig. 22. Detail of the predicted and experimental response of 20% SCS-6/TIMETAL 21S at 650 �C. The effect of debonding model is

highlighted. The GVIPS matrix constitutive model was employed (_�ee�ee ¼ 10�4 s�1).
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predictions made using BP are in better agreement with experiment in Stage III. These results are com-
pletely consistent with the characteristics of the two constitutive models used to represent the matrix only
response (see Fig. 13). Consequently, in order to obtain excellent agreement with experiment in all stages, it
is necessary to have not only a realistic debonding model, but also a highly accurate matrix constitutive
model that is well representative for all stages of deformation. It seems that in order to further improve the
accuracy of the simulations for the transverse tensile response of SCS-6/TIMETAL 21S, improved char-
acterization of the GVIPS model for TIMETAL 21S is necessary. To this end, work is ongoing to develop a
new multimechanism GVIPS formulation that is significantly more accurate (e.g. see Saleeb et al., 2001).

The ultimate goal of developing accurate interfacial modeling approaches is to employ the models within
larger structural analyses in which the loading conditions, local stress fields, and temperature are arbitrary
and time-dependent. Fulfilling this goal will require a fully characterized interfacial model that is accurate

Fig. 23. Predicted and experimental response of 20% SCS-6/TIMETAL 21S at 650 �C. The effect of matrix constitutive model is

highlighted. The ECI debonding model was employed (_�ee�ee ¼ 10�4 s�1).

Fig. 24. Interfacial debond strengths used for simulations with the BP matrix constitutive model.
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for pure predictions under conditions for which the model parameters were not specifically chosen. Cur-
rently, truly accurate pure predictions are problematic when employing any of the interfacial modeling
techniques discussed earlier. Although it is capable of accurately simulating the transverse tensile response
of SCS-6/TIMETAL 21S, the ECI model is no exception. As discussed in Section 3, the ECI model in-
terfacial behavior is greatly affected by the percentage of the unit cell cross-section that debonds, the strain
rate, and the matrix constitutive behavior. One of the ways that the matrix constitutive model dependence is
manifested is in the significant temperature dependence of the modeled interfacial response. In order to
render the ECI model sufficiently robust to make accurate pure predictions for the transverse tensile re-
sponse of an MMC system, the model parameters would require characterization based on all of the
aforementioned influencing factors. Such a characterization was successfully performed for the application
of the ECI model to the longitudinal behavior of TMCs by Bednarcyk and Arnold (2000, 2001). As dis-
cussed in Section 6.3, for the transverse application of the ECI model, compensation for the strain rate
effect is easy. The remaining influencing factors, on the other hand, are not so easily handled. This point
becomes clear when attempts are made to apply the model to the same material system (SCS-6/TIMETAL
21S) with different fiber volume fractions, unit cell aspect ratios, or temperatures while using the same
debond model parameters. Fig. 25 compares the predicted tensile response of 30% SCS-6/TIMETAL 21S
having a unit cell aspect ratio (in the laminate core, see Fig. 16) of 1.0 with experimental data. The GVIPS
matrix constitutive model was employed, as were the debonding model parameters characterized based on
the 20% SCS-6/TIMETAL 21S having a core aspect ratio of 0.82. Tests on both composites were performed
at a strain rate of 10�4 s�1 and a temperature of 650 �C. The overall agreement between the prediction and
experiment is fair. However, since the higher fiber volume fraction and core aspect ratio of the composite
modeled in Fig. 25 lead to debonding of a larger overall percentage of the unit cell cross-section (as well as a
larger cross-section per failure event), an unrealistic ‘‘dip’’ is present in the predicted stress–strain curve. By
adjusting the value of K at each interface to 1=4 of its previous value, the second much more realistic
simulation shown in Fig. 25 was made. Hence, were the parameters characterized in such a way that in-
dicated a reduction of K for the case depicted in Fig. 25, reasonable model prediction for this case would
result.

Predictions for SCS-6/TIMETAL 21S at temperatures other than 650 �C are not presented. Attempts
to fully characterize the ECI model parameters based on debonding event cross-section (determined by
fiber volume fraction and repeating unit cell aspect ratio) and temperature, while unsuccessful, led to the

Fig. 25. Simulated and experimental transverse tensile response of 30% SCS-6/TIMETAL 21S at 650 �C with R ¼ 1:0 and _ee ¼ 10�4 s�1.

The GVIPS matrix constitutive model was employed.
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examination of the matrix constitutive model. We believe that the current difficulty associated with using
the model for pure predictions is attributable in some degree to inaccuracies in the matrix constitutive
model characterization, which causes inaccuracies in the residual stress field. Altering the composite con-
figuration or temperature also causes significant (nonlinear) changes in the simulated residual stress field.
Thus, it appears that accurate pure predictions for the transverse tensile response of SiC/Ti will hinge on the
availability of higher fidelity nonisothermal viscoplastic constitutive models and model parameters. It
should be noted that, at some point, the accuracy of the predictions may be limited by GMC’s lack of shear
coupling and geometrical limitations. However, as shown by Bednarcyk and Arnold (2000, 2001), these
limitations can often be overcome with a little ingenuity. Finally, it should be noted that, although pure
predictions are not presently possible, the ECI model parameters can be selected to provide good corre-
lation with experiment at any temperature, fiber volume fraction, or fiber packing arrangement. Thus, were
sufficient data available, it would be possible to correlate the parameters for a number of composite
configurations and temperatures and interpolate to arrive at parameters for use in predictions for any
general case. Clearly, a great deal of additional work is required in terms of model characterization as well
as validation to reach the goal of a truly accurate predictive interfacial model for use under arbitrary
conditions.

7.2. Transverse creep

Model simulations were also performed for the transverse creep behavior of the 20% SCS-6/TIMETAL
21S composite (at 650 �C) according to which the ECI model parameters were characterized. These sim-
ulations provide insight into the ECI model’s ability to transcend the type of loading for which its pa-
rameters were originally selected. Eggleston (1993) examined the transverse creep of SiC/Ti-6-4 using finite
element analysis (FEA) in conjunction with interfacial debonding modeling. This study showed that the
composite creep behavior could be bounded by FEA with simulated perfect bonding and FEA with sim-
ulated complete debonding. Further, Eggleston (1993) included the NI model in the FEA analysis, but the
resulting transverse creep simulations were in poor agreement with experiment. These simulations suffered
not only from difficulties associated with the NI model (see Section 3.3) but also from inaccuracies in the
employed matrix constitutive model.

Fig. 26 shows experimental transverse creep data for a 20% SCS-6/TIMETAL 21S composite at 650 �C
with an applied load of 55 MPa. The specimen on which this test was performed was cut from the same
plate as the tensile test specimen whose response was used for characterization of the ECI model parameters
(see Figs. 15, 21, and 22). Four stages of the composite’s creep response have been identified in Fig. 26,
along with theoretical mechanisms, which are proposed to explain the observed behavior. It should be
noted that these stages are not characteristic of the composite’s transverse creep response in general. As il-
lustrated by Eggleston (1993) and Bowman (1999), variations in fiber volume fraction, applied stress level,
and temperature can significantly affect the qualitative appearance of SiC/Ti composites’ transverse creep
response.

In Fig. 26, the stage I creep response is nonlinear and resembles the primary creep regime apparent in the
650 �C TIMETAL 21S matrix creep response (Fig. 14). Thus the stage I response of the composite has been
attributed to primary creep in the matrix along with a proposed partial interfacial debonding mechanism.
The stage II behavior is linear in nature and resembles the steady-state creep regime observed in the TI-
METAL 21S creep response (Fig. 14). Since the composite creep response is linear, this stage has been
attributed to steady-state matrix creep coupled with the same degree of partial interfacial debonding as in
stage I. That is, in stage II, the interfacial debonding does not progress noticeably. In stage III, the
composite transverse creep response is nonlinear as the creep rate increases significantly, possibly indicating
the onset of tertiary creep in the matrix. However, the linear stage IV (along with the fact that the com-
posite does not soon fail after stage III) suggests another mechanistic explanation. We suggest that this
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nonlinear stage III transition between two linear stages is brought about by slow growth of interfacial
cracks around the fibers. That is, in stage III, the debonding progresses from its initial (stage I) extent to a
completely debonded state, while the matrix creep continues its typical steady-state character. Then, the
linear stage IV corresponds to continued matrix steady-state creep coupled with completely debonded
interfaces, a state similar to a creeping slab of TIMETAL 21S with holes. Note that the creep experiment
depicted in Fig. 26 was not taken to failure; the specimen continued its stage IV character until the test was
interrupted at approximately 60,000 s.

Fig. 27 provides a comparison of model simulations with the experimental transverse creep response
shown in Fig. 26. Predictions were made using GVIPS with the CCI model, BP with the ECI model, and
GVIPS with the ECI model, where the previously characterized model parameters were employed. An
additional simulation was performed using GVIPS with the ECI model in which the ECI model parameters
were adjusted. The applied stress level in the experiment and simulations in Fig. 27 was 55 MPa, which, in
the case of the model predictions, leads to debonding of only the weakest interfaces. The fact that the model
predicts partial interfacial debonding during the application of the mechanical loading lends credence to
mechanistic explanations for stages I and II. For the predictions using GVIPS with the CCI and ECI
models, only the two interfaces with strengths of 41 MPa debond (see Fig. 17), while for the prediction
using BP, only the three interfaces with strengths of 7 MPa debond (see Fig. 24). The final simulated creep
curve was generated by altering the ECI model parameters, allowing the weakest five interfaces (see Fig. 17)
to debond during application of the 55 MPa tensile load, and allowing all remaining interfaces to debond
later in the simulated creep test.

Fig. 27 indicates that, while all of the simulations in which the parameters were not altered underpredict
the experimental creep response of the composite, the simulation performed using GVIPS with the ECI
model was the most accurate of these. Recall from Fig. 14 that some of the discrepancy between this
prediction and experiment can be attributed to insufficient characterization of the matrix creep behavior at
lower stress levels. The greater amount of creep that is predicted using the ECI model compared to the CCI
model (both with GVIPS) is caused by the redistribution of unloaded stress to intact matrix regions that
occurs with the ECI model. These intact matrix regions then experience higher local stress levels (compared
to simulations performed using the CCI model) and consequently creep to a greater extent. The GVIPS

Fig. 26. Experimental transverse creep response of 20% SCS-6/TIMETAL 21S at 650 �C to an applied stress of 55 MPa (data courtesy

of C.L. Bowman).
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matrix constitutive model is significantly more realistic than BP for the transverse creep of SiC/Ti com-
posites. Even when employed in conjunction with the ECI model, the BP model predicts steady-state creep
immediately and significantly underpredicts the experimental creep curve.

Clearly, the simulation that was performed after recalibrating the ECI model provides the best agree-
ment with the experimental transverse creep response (Fig. 27). For this case, five interfaces were given low
bond strengths (41 MPa) so they debonded during the application of the 55 MPa tensile load and then
quickly unloaded. This allows the simulation to agree well with experiment in stages I and II. To achieve
better agreement in stage III, all remaining simulated interfaces were permitted to debond in turn and
slowly unload their stress (via alteration of the ECI model parameter B) to simulated crack growth around
the fiber. For these interfaces, an altered value of B ¼ 4598 s was determined by using Eq. (10) in con-
junction with Bref ¼ 10 s, _�ee�eeref ¼ 10�4 s�1, and the measured stage II global strain rate, _�ee�ee ¼ 2:175	 10�7 s�1.
Thus, the simulated process is one in which the fiber–matrix interface debonds to an angle of approximately
37� during application of the 55 MPa mechanical load. Then the interface unzips slowly (and completely)
during stage III, simulating the suggested slow crack growth at the fiber–matrix interface around the fiber.
At times greater than approximately 8000 s, the simulation still underpredicts the experimental creep re-
sponse. This discrepancy is likely due to inaccuracies in the matrix constitutive model (see Fig. 14) coupled
with the inability of the model to simulate accurately the stress concentrations associated with the stage IV
holes in the matrix.

Fig. 28 shows the predicted creep behavior of the same 20% SCS-6/TIMETAL 21S composite with an
applied stress of 124 MPa. Note that experimental data for this case were unavailable and that no recal-
ibration of the ECI model parameters was performed. At this higher applied stress level all simulated in-
terfaces that are permitted to debond do so during the applied mechanical loading for both matrix
constitutive models (see Figs. 17 and 24). Note that, under this condition, one would not expect to see the
stage III regime that was observed in Figs. 26 and 27, since the interfaces have already debonded to their
full extent. In Fig. 28, the amount of creep predicted when employing the BP model with the ECI model is
significantly greater than that predicted using GVIPS with the ECI debonding model. This is consistent
with the creep simulations for the pure TIMETAL 21S matrix performed using the two constitutive models
at the high-applied stress level (see Fig. 14). The creep curve predicted using GVIPS with the ECI model is
significantly higher than that predicted using GVIPS with the CCI model. Once again, the redistribution of

Fig. 27. Predicted, simulated, and experimental transverse creep response of 20% SCS-6/TIMETAL 21S at 650 �C to an applied stress

of 55 MPa.
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stress associate with unloading in the ECI model has lead to an increase in the composite creep response. Of
the curves plotted, it is likely that the creep simulation performed using GVIPS and the ECI model would
compare most favorably with experimental data were it available for inclusion in Fig. 28. Like the trans-
verse tensile simulations, the transverse creep simulations for the composite would improve if the matrix
viscoplastic constitutive model were improved.

8. Summary/Conclusion

A new local debonding model has been developed, implemented, and applied to simulate the transverse
tensile and creep behavior of SCS-6/TIMETAL 21S composites. It is based on an existing flexible interface
concept, but it is unique from its direct predecessors in that the new ECI model allows debonding to
progress via unloading of the interfacial stress after debonding occurs. This unloading was enabled by
incorporation of explicit time-dependence into parameters controlling the effective interfacial compliance.
Further, unlike previous approaches to modeling debonding that do permit interfacial stress unloading, the
ECI model requires solution of no additional equations (in the micromechanics model), includes a finite
interfacial bond strength, and does not require accuracy-reducing simplifying assumptions to facilitate its
implementation. The ECI model thus provides a unique combination of physical accuracy, simplicity, and
efficiency. To enable simulation of interfacial debonding in a wide range of composites, the ECI model has
been implemented within NASA’s MAC/GMC software package.

Simulations of the transverse tensile response of SCS-6/TIMETAL 21S composites were made using a
realistic geometric representation of the actual composite configuration. By choosing the empirical de-
bonding parameters wisely, accurate simulation of the composite tensile response was obtained. In order to
enable pure prediction of the composite response for a wide range of composite configurations and tem-
peratures (without recalibrating the empirical parameters), characterization of the debonding parameters to
account for these effects would be necessary. Preliminary attempts to perform this characterization dem-
onstrated the need for a higher level of accuracy from the matrix rate and temperature dependent visco-
plastic constitutive representations than is available at this time. Constitutive model inaccuracies were also
shown to have a dominant impact on the model’s ability to accurately predict the transverse creep of SCS-6/
TIMETAL 21S. As with tension, the creep predictions were significantly improved via use of the new ECI

Fig. 28. Predicted transverse creep response of 20% SCS-6/TIMETAL 21S at 650 �C to an applied stress of 124 MPa.
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model, and still better agreement was achieved via alteration of the ECI model parameters to account more
realistically for the postulated mechanisms (e.g. creep crack growth) in the four stages of the measured
creep response.

This study has demonstrated the need for improvements in the viscoplastic constitutive models available
for TIMETAL 21S in order to predict the transverse response of SCS-6/TIMETAL 21S. Accordingly, the
GVIPS constitutive model is being expanded to admit additional deformation mechanisms and the model
parameters are in the process of being reworked so that the model can more accurately span a larger stress,
time, and temperature domain. Upon completion of this effort, effects associated with the debonding model
will be better isolated from those associated with matrix constitutive model, and the new ECI debonding
model presented herein will be revisited in an attempt to characterize the model as completely as possible.
This full characterization, and the associated validation of the model and its parameters for a wide range of
loading conditions, will require a great deal of effort. However, if this process is successful, the model will be
sufficiently robust to enable the accurate prediction of the interfacial debonding effects in a wide range of
weakly bonded composites. This accurate simulation technology is necessary to aid development of the
accurate design and life prediction tools that are needed to facilitate the implementation of advanced
composite materials.

Acknowledgements

The authors thank Dr. Cheryl L. Bowman of NASA Glenn Research Center for providing the exper-
imental data presented in this paper and for several helpful discussions. The first author also acknowledges
the support of NASA Glenn Research Center through contract NCC3-650.

References

Aboudi, J., 1987. Damage in composites––modeling of imperfect bonding. Composites Science and Technology 28, 103–128.

Aboudi, J., 1991. Micromechanics of composite materials: a unified micromechanical approach. Elsevier, Amsterdam.

Aboudi, J., 1995. Micromechanical analysis of thermo-inelastic multiphase short-fiber composites. Composites Engineering 5 (7),

839–850.

Achenbach, J.D., Zhu, H., 1989. Effect of interfacial zone on mechanical behavior and failure of fiber-reinforced composites. Journal

of the Mechanics and Physics of Solids 37 (3), 381–393.

Arnold, S.M., Bednarcyk, B.A., Wilt, T.E., Trowbridge, D., 1999. MAC/GMC user guide: version 3.0. NASA/TM-1999-209070.

Arnold, S.M., Pindera, M.-J., Wilt, T.E., 1996a. Influence of fiber architecture on the inelastic response of metal matrix composites.

International Journal of Plasticity 12 (4), 507–545.

Arnold, S.M., Saleeb, A.F., 1994. On the thermodynamic framework of generalized coupled thermoelastic-viscoplastic-damage

modeling. International Journal of Plasticity 10 (3), 263–278.

Arnold, S.M., Saleeb, A.F., Castelli, M.G., 1996b. A fully associative, nonisothermal, nonlinear kinematic, unified viscoplastic model

for titanium alloys. In: Verrilli, M.J., Castelli, M.G. (Eds.), Thermo-Mechanical Fatigue Behavior of Materials: second volume.

ASTM STP-1263. American Society for Testing and Materials, Philadelphia, pp. 146–173.

Arnold, S.M., Saleeb, A.F., Castelli, M.G., 1996c. A fully associative, nonlinear kinematic, unified viscoplastic model for titanium

based matrices. In: Johnson, W.S., et al. (Eds.), Life Prediction Methodology for Titanium Matrix Composites. ASTM STP-1253,

American Society for Testing and Materials, Philadelphia, pp. 231–256.

Bednarcyk, B.A., Arnold, S.M., 2000. A new local failure model with application to the longitudinal tensile behavior of continuously

reinforced titanium composites. NASA/TM-2000-210027.

Bednarcyk, B.A., Arnold, S.M., 2001. Micromechanics-Bases deformation and failure prediction for longitudinally reinforced titanium

composites. Composites Science and Technology 61, 705–729.

Bednarcyk, B.A., Pindera, M.-J., 2000. Inelastic response of a woven carbon/copper composite part II: micromechanics model. Journal

of Composite Materials 34 (4), 299–331.

Bowman, C.L., 1999. Experimentation and analysis of mechanical behavior modification of titanium matrix composites through

controlled fiber placement. Ph.D. Dissertation, Case Western Reserve University.

2016 B.A. Bednarcyk, S.M. Arnold / International Journal of Solids and Structures 39 (2002) 1987–2017



Brindley, P.K., Draper, S.L., 1993. Failure mechanisms of 0� and 90� SiC/Ti-24Al-11Nb composites under various loading conditions.

In: Darolia, R., et al. (Eds.), Structural Intermetallics. The Minerals, Metals and Materials Society, pp. 727–737.

Cervay, R.R., 1994. SCS-6/b21s and SCS-9/b21s Mechanical Property Evaluation. NASP Contractor Report 1165. Wright–Patterson

Air Force Base, Ohio.

Chan, K.S., Bodner, S.R., Lindholm, U.S., 1988. Phenomenological modeling of hardening and thermal recovery in metals. Journal

of Engineering Materials and Technology 110, 1–8.

Chan, K.S., Lindholm, U.S., 1990. Inelastic deformation under nonisothermal loading. Journal of Engineering Materials and

Technology 112, 15–25.

Eggleston, M.R., 1993. Testing, modeling and analysis of transverse creep in SCS-6/Ti-6Al-4V metal matrix composites at 482 �C. GE

Research and Development Center Report 93CRD163.

Goldberg, R.K., Arnold, S.M., 2000. A study of influencing factors on the tensile response of a titanium matrix composite with weak

interfacial bonding. NASA/TM-2000-209798.

Hu, S., 1996. The transverse failure of a single-fiber metal-matrix composite: experiment and modeling. Composites Science and

Technology 56, 667–676.

Jones, J.P., Whittier, J.S., 1967. Waves at flexibly bonded interfaces. Journal of Applied Mechanics 34, 905–909.

Karlak, R.F., Crossman, F.W., Grant, J.J., 1974. Interface failures in composites. Proceeding of Failure Modes in Composites II.

Metallurgical Society of AIME, New York.

Kroupa J.L., 1993. Implementation of a Nonisothermal Unified Inelastic-Strain Theory Into ADINA6.0 for a Titanium Alloy-User

Guide. Wright Laboratory Report WL-TR-93-4005. University of Dayton, Dayton, Ohio.

Lerch, B.A., Saltsman, J.F., 1993. Tensile deformation of SiC/Ti-15-3 laminates. In: Stinchcomb, W.W., Ashbaugh, N.E. (Eds.),

Composite Materials: Fatigue and Fracture: fourth volume. ASTM STP 1156, American Society for Testing and Materials,

Philadelphia, pp. 161–175 (see also NASA TM-103620).

Majumdar, B.S., Newaz, G.M., 1992. Inelastic deformation of metal matrix composites: plasticity and damage mechanisms.

Philosophical Magazine A 66 (2), 187–212, see also NASA CR-189095.

McGee, J.D., Herakovich, C.T., 1992. Micromechanics of Fiber/Matrix Debonding. Report AM-92-01. Applied Mechanics Program,

University of Virginia, Charlottesville, Va.

Needleman, A., 1987. A continuum model for void nucleation by inclusion debonding. Journal of Applied Mechanics 54, 525–531.

Neu, R.W., 1993. Nonisothermal Material Parameters For the Bodner-Partom Model. In: Betram, L.A., et al. (Eds.), Material

Parameter Estimation for Modern Constitutive Equations. MD vol. 43, ASME Book no. H00848.

Nimmer, R.P., Bankert, R.J., Russell, E.S., Smith, G.A., Wright, K., 1991. Micromechanical modeling of fiber/matrix interface effects

in transversely loaded SiC/Ti-6-4 metal matrix composites. Journal of Composites Technology and Research 13 (1), 3–13.

Pindera, M.-J., Bednarcyk, B.A., 1999. An efficient implementation of the generalized method of cells for unidirectional, multi-phased

composites with complex microstructures. Composites Part B 30 (1), 87–105.

Robertson, D.D., Mall, S., 1994. Micromechanical analysis of metal matrix composite laminates with fiber/matrix interfacial damage.

Composites Engineering 4 (12), 1257–1274.

Saleeb, A.F., Arnold, S.M., Castelli, M.G., Wilt, T.E., Graf, W., 2001. A general hereditary multimechanism-based deformation model

with application to the viscoelastoplastic response of titanium alloys. International Journal of Plasticity 17, 1305–1350.

Warrier, S.G., Rangaswamy, P., Bourke, M.A.M., Krishnamurthy, S., 1999. Assessment of the fiber/matrix interface bond strength in

SiC/Ti-6Al-4V composites. Materials Science and Engineering A259, 220–227.

Wilt, T.E., Arnold, S.M., 1996. Micromechanics Analysis Code (MAC) User Guide: version 2.0. NASA TM-107290.

Wilt, T.E., Arnold, S.M., Saleeb, A.F., 1997. A coupled/uncoupled computational scheme for deformation and fatigue damage

analysis of unidirectional metal-matrix composites. In: McDowell, D.L. (Ed.), Applications of Continuum Damage Mechanics to

Fatigue and Fracture. ASTM STP 1315, American Society for Testing and Materials, Philadelphia, pp. 65–82.

B.A. Bednarcyk, S.M. Arnold / International Journal of Solids and Structures 39 (2002) 1987–2017 2017


